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A proof of a conjecture on the distance spectral radius and
maximum transmission of graphs
Lele Liu∗, Haiying Shan†, Changxiang He‡
Abstract
Let G be a simple connected graph, and D(G) be the distance matrix of G. Suppose
that Dmax(G) and λ1(G) are the maximum row sum and the spectral radius of D(G),
respectively. In this paper, we give a lower bound for Dmax(G)− λ1(G), and characterize
the extremal graphs attaining the bound. As a corollary, we solve a conjecture posed by
Liu, Shu and Xue.
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1. Introduction
In this paper, we consider only simple, undirected graphs, i.e, undirected graphs without
multiple edges or loops. A graph G is a pair (V (G), E(G)) consisting of a set V (G) of vertices
and a set E(G) of edges. The distance matrix D(G) = (dij) of a connected graph G is the
|V (G)|×|V (G)| matrix indexed by the vertices of G, where dij = d(vi, vj) and d(vi, vj) denotes
the distance between the vertices vi and vj, i.e., the length of a shortest path between vi and
vj. The largest eigenvalue of D(G), denoted by λ1(G), is called the distance spectral radius
of G. For graph notation and terminology undefined here we refer the reader to [2].
The transmission of a vertex v in G, denoted by Dv(G) or simply by Dv, is the sum
of the distances from v to all other vertices in G. We denote the maximum and minimum
transmission of G by Dmax and Dmin, respectively. That is,
Dmax := max{Dv | v ∈ V (G)}, Dmin := min{Dv | v ∈ V (G)}.
If there is no risk of confusion we shall denote Dmax(G) and Dmin(G) simply by Dmax and
Dmin, respectively. A connected graph G is transmission-regular if Dmax = Dmin; otherwise, G
is non-transmission-regular. The Wiener indexW (G) of a graph G is the sum of the distances
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between all unordered pairs of vertices of G. Alternatively, W (G) is half the sum of all the
entries of the distance matrix of G, that is,
W (G) =
1
2
∑
v∈V (G)
Dv.
In [1], Atik and Panigrahi introduced a class of graphs called DVDR graphs. A connected
graph G on n vertices is said to be distinguished vertex deleted regular graph (DVDR) if there
exist a vertex v in G such that the degree d(v) = n − 1 and G − v is an regular graph. The
vertex v is said to be a distinguished vertex of the DVDR graph G. If G− v is r-regular, we
say G is an r-DVDR graph.
In [3], Liu, Shu and Xue studied the bounds of Dmax(G) − λ1(G) for connected non-
transmission-regular graphs, and posed the following conjecture.
Conjecture 1.1 ([3]). Let G be a connected non-transmission-regular graph with n vertices.
Then
Dmax(G)− λ1(G) > 1
n+ 1
.
It is shown that the conjecture holds for trees in [3]. In this paper, we confirm Conjecture 1.1
by proving the following strengthened results.
Theorem 1.1. Let G be a connected non-transmission-regular graph of order n.
(1) If n is odd, then
Dmax(G) − λ1(G) ≥ n+ 1−
√
(n− 1)(n + 3)
2
.
Equality holds if and only if G ∼= K1,2,...,2.
(2) If n is even, then
Dmax(G)− λ1(G) ≥ n+ 2−
√
n2 + 4n− 4
2
.
Equality holds if and only if G is isomorphic to some (n− 4)-DVDR graph.
2. Proof of Theorem 1.1
For a connected graph G of order n, write σ(G) for the difference between the maximum
transmission and the distance spectral radius of G, i.e.,
σ(G) := Dmax(G)− λ1(G).
In this section, we assume G∗ is a graph attaining the minimum of σ(G) among connected
non-transmission-regular graphs G of order n. Let x be the positive unit eigenvector of
D(G∗) corresponding to λ1(G
∗). For convenience, we denote xmax := max{xv | v ∈ V (G∗)},
2
xmin := min{xv | v ∈ V (G∗)}. Suppose that Dmax and W are the maximum transmission and
Wiener index of G∗, respectively. An easy calculation implies that
Dmax − λ1(G∗) = Dmax − 2
∑
{u,v}⊆V (G)
d(u, v)xuxv
=
∑
u∈V (G)
(Dmax −Du)x2u +
∑
{u,v}⊆V (G)
d(u, v)(xu − xv)2 (2.1)
≥ (nDmax − 2W )x2min +
∑
{u,v}⊆V (G)
d(u, v)(xu − xv)2.
Before continuing the proof of Theorem 1.1, we need the following two results.
Lemma 2.1. Let K1,2,...,2 be the complete r-partite graph on n vertices with n = 2r−1. Then
σ(K1,2,...,2) =
n+ 1−
√
(n− 1)(n + 3)
2
.
Proof. Let v be the distinguished vertex of K1,2,...,2. It is clear that the quotient matrix of
D(K1,2,...,2) with respect to the equitable partition {v} ∪ (V (K1,2,...,2)\{v}) is
Q =
[
0 n− 1
1 n− 1
]
.
As a consequence, λ1(K1,2,...,2) is equal to the largest eigenvalue of Q, i.e.,
λ1(K1,2,...,2) =
n− 1 +
√
(n− 1)(n + 3)
2
.
Clearly, Dmax(K1,2,...,2) = n, we immediately obtain
σ(K1,2,...,2) = Dmax(K1,2,...,2)− λ1(K1,2,...,2) = n+ 1−
√
(n − 1)(n + 3)
2
,
completing the proof.
Lemma 2.2. Let G be an (n− 4)-DVDR graph on n vertices. Then
σ(G) =
n+ 2−√n2 + 4n− 4
2
.
Proof. Let v be the distinguished vertex of G. Then the quotient matrix of D(G) with respect
to the equitable partition {v} ∪ (V (G)\{v}) is[
0 n− 1
1 n
]
.
Therefore, we obtain that
λ1(G) =
n+
√
n2 + 4n − 4
2
.
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Clearly, Dmax(G) = n+ 1, we have
σ(G) = Dmax(G)− λ1(G) = n+ 2−
√
n2 + 4n− 4
2
,
completing the proof.
In the following, we denote
σn :=
n+ γn +
√
(n+ γn)2 − 4γn
2
,
where γn = 1 if n is odd; γn = 2 if n is even. By simple algebra, we see
σ2n − (n+ γn)σn + γn = 0. (2.2)
It is obvious that if n is odd, then σn = σ(K1,2,...,2); if n is even, then σn = σ(G) for any
(n−4)-DVDR graph G. Noting thatK1,2,...,2 and each (n−4)-DVDR graph are both connected
non-transmission-regular graphs, we see σ(G∗) ≤ σn.
Proof of Theorem 1.1. Let u and v be two vertices such that xu = xmax and xv = xmin,
respectively. For short, write λ1 := λ1(G
∗). Using equation D(G∗)x = λ1x with respect to
vertex u we see
λ1xu =
∑
w∈V (G∗)
d(u,w)xw
=
∑
w∈V (G∗)\{v}
d(u,w)xw + d(u, v)xv
≤ (Dmax − d(u, v))xu + d(u, v)xv ,
which yields that
Dmax − λ1 ≥ d(u, v)
(
1− xv
xu
)
≥ 1− xv
xu
.
On the other hand, σ(G∗) = Dmax − λ1 ≤ σn. Hence, we obtain
xmax
xmin
=
xu
xv
≤ 1
1− σn . (2.3)
Our proof hinges on the following five claims.
Claim 1. nDmax − 2W = γn.
Proof of Claim 1. We prove this claim by contradiction. Let n be odd, from (2.1) and (2.3)
we have
Dmax − λ1 ≥ 2x2min ≥ 2(1− σn)2x2max >
2(1− σn)2
n
> σn,
the last inequality follows from σ2n−(n+1)σn+1 = 0. This is a contradiction withDmax−λ1 ≤
σn.
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Let n be even. Noting that 2 | (nDmax − 2W ), we have nDmax − 2W ≥ 4. It follows from
(2.1) and (2.3) that
Dmax − λ1 ≥ 4x2min ≥ 4(1− σn)2x2max >
4(1− σn)2
n
> σn,
a contradiction.
Claim 2. Du > Dmin and Dv < Dmax.
Proof of Claim 2. By equation D(G∗)x = λ1x with respect to vertex u we have
λ1xu =
∑
w∈V (G∗)
d(w, u)xw ≤ Duxu,
which implies λ1 ≤ Du. Since λ1 > Dmin, we obtain Du > Dmin. Similarly, we can prove that
Dv < Dmax, completing the proof of this claim.
Claim 3.
xmax
xmin
=
1
1− σn , Dmax − λ1 = σn, and there are (n− 1) vertices attaining xmax.
Proof of Claim 3. Since D(G∗)x = λ1x, we have λ11x = 1D(G
∗)x, where 1 is the all-ones
vector of dimension n. Hence,
λ1
∑
w∈V (G∗)
xw =
∑
w∈V (G∗)
Dwxw.
It follows from Claim 1 that
(Dmax − λ1)
∑
w∈V (G∗)
xw =
∑
w∈V (G∗)
(Dmax −Dw)xw
≥ (nDmax − 2W )xmin
= γnxmin.
Therefore we have
Dmax − λ1 ≥ γnxmin∑
w∈V (G∗) xw
≥ γnxmin
xmin + (n − 1)xmax . (2.4)
Since Dmax − λ1 ≤ σn, we find that
xmax
xmin
≥ γn/σn − 1
n− 1 .
On the other hand, by (2.3) we have
xmax
xmin
≤ 1
1− σn .
In view of (2.2) we see(
γn
σn
− 1
)
(1− σn) = γn
σn
+ σn − γn − 1 = n− 1,
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which yields that
γn/σn − 1
n− 1 =
1
1− σn .
Hence, all inequalities above must be equalities, we immediately obtain xmax/xmin = (1 −
σn)
−1. Noting that Dmax − λ1 ≤ σn, together with (2.4), we get Dmax − λ1 = σn, completing
the proof of this claim.
Claim 4. Let S = {w ∈ V (G∗) : Dw = Dmax}. Then |S| = n− 1.
Proof of Claim 4. If n is odd, the result follows from Claim 1 immediately. If n is even, then
|S| ∈ {n− 2, n− 1} by Claim 1. In view of Claim 3, there are (n− 1) vertices attaining xmax.
Hence, if |S| = n−2, there exists a vertex w such that xw = xmax, whileDw = Dmax−1 = Dmin,
which is a contradiction with Claim 2. Hence, |S| = n− 1, as required.
Claim 5. Dmax = n+ γn − 1 and Dmin = n− 1.
Proof of Claim 5. According to Claim 3, there are (n − 1) vertices attaining xmax, and the
remaining vertex v attaining xmin. By Claim 2, Dv < Dmax. Together with Claim 4 we have
Dv = Dmax − γn = Dmin. It follows that
λ1xv =
∑
w∈V (G∗)
d(v,w)xw = xmax
∑
w∈V (G∗)
d(v,w) = (Dmax − γn)xmax.
Recall that Dmax − λ1 = σn. Therefore we obtain
Dmax − σn = λ1 = (Dmax − γn) · xmax
xmin
=
Dmax − γn
1− σn ,
which implies that
Dmax = σn +
γn
σn
− 1 = n+ γn − 1.
Hence, Dmin = Dmax − γn = n− 1, completing the proof of this claim.
Now, we continue our proof. Since Dmin = n− 1, we get d(v) = n − 1, which yields that
the diameter of G∗ is two. As a consequence, for each vertex w ∈ V (G∗) we have
Dw =
∑
z∈V (G∗)
d(w, z) = d(w) + 2(n− 1− d(w)) = 2(n− 1)− d(w).
Therefore, for each vertex w ∈ V (G∗)\{v} we get
d(w) = 2(n− 1)−Dw = n− 1− γn =
{
n− 2, if n is odd,
n− 3, if n is even.
Hence, G∗ ∼= K1,2,...,2 if n is odd, and G∗ is isomorphic to some (n − 4)-DVDR graph if n is
even. 
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3. Concluding remarks
In Theorem 1.1 we show that the extremal graph is an (n − 4)-DVDR graph for even n.
For any (n− 4)-DVDR graph G with distinguished vertex v, it is clear that the complement
of G− v is the disjoint union of some cycles. In addition, by simple algebra, we find that
σ(G) =
n+ 2−√n2 + 4n− 4
2
>
1
n/2 + 1
>
1
n+ 1
.
Let H be an r-uniform hypergraph (i.e., a family of some r-element subsets of a set). The
shadow graph of H is the simple graph ∂(H) on the same vertex set as H, where two vertices
are adjacent if they are covered by at least one edge of H. Similarly, we can define the distance
matrix for connected hypergraphs and non-transmission-regular hypergraphs. It is clear that
H and ∂(H) have the same distance matrix for any connected uniform hypergraph H. Hence,
we immediately obtain the following generalized results from Theorem 1.1.
Theorem 3.1. Let H be a connected non-transmission-regular uniform hypergraph of order
n.
(1) If n is odd, then
Dmax(H)− λ1(H) ≥ n+ 1−
√
(n− 1)(n + 3)
2
.
Equality holds if and only if ∂(H) ∼= K1,2,...,2.
(2) If n is even, then
Dmax(H)− λ1(H) ≥ n+ 2−
√
n2 + 4n− 4
2
.
Equality holds if and only if ∂(H) is isomorphic to some (n− 4)-DVDR graph.
It is worth noting that the extremal hypergraphs in the above theorem are not unique for
uniformity at least three. Let H1 and H2 be 3-uniform hypergraphs on the same vertex set
{1, 2, . . . , 7}, whose edge sets are E1 and E2, respectively, where
E1 = {{1, 2, 6}, {1, 2, 7}, {1, 3, 5}, {1, 3, 7}, {1, 4, 5}, {1, 4, 6}, {2, 3, 4}, {5, 6, 7}},
E2 = {{1, 3, 5}, {1, 4, 6}, {1, 6, 7}, {2, 3, 6}, {2, 3, 7}, {2, 4, 5}, {4, 5, 7}}.
It is clear that H1 and H2 have the same shadow graph K1,2,2,2, while H1 is not isomorphic
to H2.
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